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STUDY TO EVALUATE E X I S T I N G  RE-ENTRY AND OTHER 
FLIGHT TEST DATA 

1. INTRODUCTION 

This  report summarizes t h e  work i n i t i a t e d  and completed under 
NASA C o n t r a c t  N o .  NAS7-216 (Ref. 1) dur ing  second q u a r t e r  p e r i o d  
June 1 2 ,  1963 through September 13,  1963. second q u a r t e r l y  
report g i v e s  t h e  p r e s e n t  s t a t u s  of d a t a  summarizes t h e  
r e s u l t s  ob ta ined  t o  d a t e  i n  t h e  suppor t ing  s t u d i e s  of  da t a - r educ t ion  
and h e a t - t r a n s f e r  p r e d i c t i o n  methods, and r eco rds  t h e  man-hour and 
d o l l a r  expend i tu re  h i s t o r i e s  through the end of t h i s  r e p o r t i n g  
p e r i o d .  I n  a d d i t i o n ,  the work planned f o r  t h e  nex t  q u a r t e r l y  p e r i o d  
is  i n d i c a t e d .  

W i t h  t h e  excep t ion  of  some d a t a  f o r  t h e  P o l a r i s  A I X  ser ies  
f l i g h t s  no ted  i n  Sec t ion  2 . 1  below, a l l  d a t a  and o t h e r  in format ion  
necessa ry  f o r  e v a l u a t i o n  o f  r e -en t ry  h e a t  t ransfer  f o r  the f l i g h t s  
l i s t e d  i n  Reference 1 w e r e  c o l l e c t e d  du r ing  t h i s  r e p o r t i n g  p e r i o d .  
Work w a s  begun on reducing  the re -en t ry  h e a t - t r a n s f e r  ( t empera tu re )  
d a t a .  Development of a d i g i t a l  computer program fo r  d i r e c t  s o l u t i o n  
of t h e  blunt-body i n v i s c i d  f low-f ie ld  problem has  p rogres sed  t o  t h e  
p o i n t  where pe r fec t -gas  s o l u t i o n s  f o r  cont inuous c u r v a t u r e  bod ies  
and bod ies  w i t h  s o n i c  co rne r s  can be ob ta ined .  Representative 
r e s u l t s  ob ta ined  t o  d a t e  us ing  t h i s  program a r e  g iven  i n  S e c t i o n  
2.3.2 and compared wi th  corresponding r e s u l t s  g iven  by i n d i r e c t  
and e m p i r i c a l  methods. A number o f  a v a i l a b l e  methods f o r  the pre-  
d i c t i o n  o f  h e a t i n g  from f u l l y  developed, a t t a c h e d ,  l a m i n a r  and 
t u r b u l e n t  boundary l a y e r s  w i l l  be used t o  provide  comparisons wi th  
exper imenta l  r e s u l t s  o b t a i n e d  i n  t h i s  program. These methods are 
p r e s e n t e d  and b r i e f l y  d i scussed  i n  S e c t i o n  2.3.4. They have ,  f o r  
t h e  m o s t  p a r t ,  been chosen from t h e  methods o r i g i n a l l y  employed 
i n  des ign  and e v a l u a t i o n  o f  t h e  h e a t  s h i e l d s  t o  be cons ide red  i n  
t h i s  s t u d y .  

2 .  WORK UNDERTAKEN - JUNE 1 2 ,  1963 THROUGH SEPTEMBER 13, 1963 

2 . 1  Data C o l l e c t i o n  

Au thor i za t ions  w e r e  rece ived  dur ing  th i s  r e p o r t i n g  p e r i o d  f o r  
access t o  and a c q u i s i t i o n  o f  a l l  d a t a  and o t h e r  in format ion  neces- 
s a r y  f o r  r educ t ion  and i n t e r p r e t a t i o n  o f  r e s u l t s  f o r  t h e  f l i g h t s  
i n i t i a l l y  des igna ted  f o r  c o n s i d e r a t i o n  ( R e f .  1). To d a t e  a l l  t h e  
in fo rma t ion  necessary  has been obta ined  or  i s  i n  t h e  p r o c e s s  of  
be ing  t r a n s f e r r e d  t o  Vidya. Table I summarizes t h e  s t a t u s  of t h i s  
c o l l e c t i o n  p rocess  a t  the end of t h e  second q u a r t e r .  W i t h  t h e  
excep t ion  of  some of  the geometr ica l  in format ion  and the nose-sh ie ld  
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t empera tures  f o r  one of t h e  P o l a r i s  f l i g h t s ,  a l l  of t h e  necessary  
informat ion  is a v a i l a b l e .  Requests f o r  t h e  d a t a  not  now a v a i l a b l e  
have been  made t o  LMSC and it is expected t h a t  it w i l l  be t r a n s -  
m i t t e d  t o  Vidya w i t h i n  t h e  next month. 

I n  g e n e r a l ,  t h e  temperature  d a t a  a v a i l a b l e  a r e  i n  the form of 
p l o t s  of t h e  o r i g i n a l ,  unsmoothed, commutated, and c a l i b r a t e d  
t e l e m e t r y  s i g n a l s .  These a r e  readable  t o  w i t h i n  2 5 O  F which is  
an o r d e r  of magnitude less than t h e  scat ter  band e x h i b i t e d  by t h e  
raw d a t a .  Work was begun on smoothing t h e  tempera ture  d a t a  i n  
p r e p a r a t i o n  f o r  i t s  u t i l i z a t i o n  i n  t h e  Vidya da ta - r educ t ion  con- 
duc t ion  program. I t  is  expected t h a t  h e a t - t r a n s f e r  d a t a  r educ t ion  
f o r  t h e  A i r  Force Mark 2 and X-17 f l i g h t s  w i l l  be completed dur ing  
t h e  nex t  r e p o r t i n g  pe r iod .  

2.2 Data-Reduction Methods S t u d i e s  

Experimental  r e s u l t s  for hea t  transfer c o n s i s t  of s u r f a c e  h e a t -  
r r a n s f e r  r a t e s  o r  h e a t - t r a n s f e r  c o e f f i c i e n t s  i n f e r r e d ,  i n  g e n e r a l ,  
from d i g i t a l  computer s o l u t i o n s  of t h e  v a r i a b l e  thermal  p r o p e r t y  
conduct ion equa t ion  corresponding t o  t h e  h e a t - s h i e l d  c o n s t r u c t i o n .  
I n i t i a l  and boundary cond i t ions  a r e  de f ined  us ing  smoothed e x p e r i -  
mental  temperature  d a t a .  There a r e  a number of p o t e n t i a l l y  impor- 
t a n t  e r r o r  sou rces  i n  such a data- reduct ion  procedure.  For t h e  
r e l a t i v e l y  t h i c k ,  h igh  thermal  c o n d u c t i v i t y  s h i e l d s  such as  those  
t o  be cons idered  i n  t h i s  s t u d y ,  t h e  e r r o r s  may r e s u l t  from t h e  
fo l lowing  : 

(1) Replacement of t h e  continuous s h i e l d  m a t e r i a l s  by t h e  
lumped parameter  nodal s t r u c t u r e s  used i n  o b t a i n i n g  numerical ,  
t h a t  i s ,  f i n i t e - d i f f e r e n c e  s o l u t i o n s ,  

( 2 )  Replacement of  t h e  continuous boundary c o n d i t i o n s  by 
c o n d i t i o n s  de f ined  a t  discrete p o i n t s  i n  t i m e .  

( 3 )  Replacement of t h e  a c t u a l  temperature  response by smoothed 
d a t a  i n f e r r e d  from t h e  s c a t t e r e d  exper imenta l  r e s u l t s  produced by 
commutated t e l e m e t r y  s i g n a l s .  

(4 )  D i s t o r t i o n  of t h e  s h i e l d  thermal  response from t h a t  
assumed i n  t h e  d i g i t a l  conduction s o l u t i o n  because of t h e  e x i s t e n c e  
of thermocouple i n s e r t s  and p res su re  t a p s  i n  t h e  a c t u a l  s h i e l d .  

( 5 )  U n c e r t a i n t i e s  i n  t h e  thermophysical p r o p e r t i e s  of t h e  
s h i e l d  m a t e r i a l s  and i n  t h e  con tac t  r e s i s t a n c e s  between m a t e r i a l s .  

Of t h e s e  f a c t o r s ,  t h e  f i r s t  two can be minimized, w i t h i n  t h e  
l i m i t a t i o n s  of computat ional  c o s t s  by proper  s e l e c t i o n  of  nodal  
and i n p u t  spac ing .  The t h i r d  f a c t o r  must be e v a l u a t e d  e m p i r i c a l l y  
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s i n c e  there i s ,  t o  the w r i t e r ' s  knowledge, no w a y  of o p e r a t i n g  on  
the scat tered data t h a t  w i l l  i n s u r e  t h a t  t h e  smoothed tempera ture  
r e sponse  d u p l i c a t e s  t h a t  of t h e  a c t u a l  s h i e l d .  W i t h  r e g a r d  t o  t h e  
f o u r t h  p o t e n t i a l  e r r o r  s o u r c e ,  some work has b e e n  done, Reference 2 ,  
t o  de te rmine  the d i s t u r b a n c e  i n  s h i e l d  tempera ture  caused a t  the 

coup le  i s  r ep laced  by a v o i d ,  These r e s u l t s  i n d i c a t e  tha t ,  i n  a l l  
cases t o  be cons ide red  i n  t h i s  s tudy ,  the t empera tu re  d i s t u r b a n c e  ' '  

i n  t h i s  l i m i t  i s  an o r d e r  o f  magnitude less t h a n  the tempera ture  
d a t a  sca t te r  bands exper ienced .  The argument l e a d i n g  t o  t h i s  con- 
c l u s i o n  i s  g iven  i n  S e c t i o n  2 . 2 . 2 .  F i n a l l y ,  e v a l u a t i o n  o f  t h e  
effects  of u n c e r t a i n t i e s  i n  t h e  thermophys ica l  properties can best 
be handled  i n  the cour se  of e v a l u a t i n g  the r e sponse  of specif ic  
s h i e l d  c o n f i g u r a t i o n s .  This f a c t o r  w i l l  n o t  be d i scussed  f u r t h e r  
a t  t h i s  t i m e .  I t  w i l l  be cons idered ,  as appears necessa ry ,  i n  the 
c o u r s e  of e v a l u a t i n g  i n d i v i d u a l  f l i g h t  t e s t  r e s u l t s .  

- f  
thermocouple t i p  l o c a t i o n  i n  the l i m i t i n g  case i n  which the thermo- *,( 

The f i r s t  three of the above f a c t o r s  w e r e  eva lua ted  on a n  
empir ical  basis f o r  c a s e s  covering the ranges  o f  c o n d i t i o n s  a n t i c -  
ipated i n  the f l i g h t  tes ts  t o  be cons ide red  i n  t h i s  s t u d y .  This 
w a s  done by o b t a i n i n g  a series of one-dimensional,  c o n s t a n t  thermal-  
p r o p e r t y  conduct ion s o l u t i o n s  f o r  a 1- inch- th ick  copper  s lab  per- 
fec t ly  i n s u l a t e d  a t  one s u r f a c e .  T h i s  c o n f i g u r a t i o n  and material 
are r e p r e s e n t a t i v e  of the hea t - s ink  shield s e c t i o n s  employed i n  
a l l  b u t  one o f  the f l i g h t s  t o  be cons ide red ,  Reference  1. D i g i t a l  
computer s o l u t i o n  r e s u l t s  w e r e  compared w i t h  the a n a l y t i c a l  s o l u -  
t i o n  for  s u r f a c e  h e a t - t r a n s f e r  rates f o r  t h i s  c o n f i g u r a t i o n  w i t h  
c o n s t a n t  i n i t i a l  t empera ture  and a p r e s c r i b e d  hea ted  s u r f a c e  t e m -  
p e r a t u r e  response  g iven  by 

The c o e f f i c i e n t s  i n  t h i s  equat ion  can be a d j u s t e d  t o  cover  the 
a n t i c i p a t e d  range of maximum s u r f a c e  h e a t - t r a n s f e r  rates which i s  
f r o m  approximate ly  100 t o  1000 Btu/sq ft-sec and the range  of heat- 
p u l s e  d u r a t i o n  which i s  f r o m  5 t o  50 seconds ,  References 3 and 4. 
The s u r f a c e  h e a t - t r a n s f e r  r a t e  f o r  the above boundary c o n d i t i o n s  
is  
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131.2 50 

890 8 5 

w h e r e  

15,  10 ,  and 5 1 

15,  10,  and 5 0.10 and 0.20 

2 .2 .1  Nodal spac ing  and i n p u t  i n t e r v a l s  

The fo l lowing  cases w e r e  cons idered:  

1 I 7 - I  -__---_- 
I 

The t empera tu re  h i s to ry  g iven  by Equat ion (1) w a s  used t o  d e f i n e  
the s u r f a c e  tempera ture  a t  the d i s c r e t e  i n p u t  p o i n t s  and l i n e a r  
i n t e r p o l a t i o n  w a s  used t o  determine the s u r f a c e  t empera tu re  t o  be 
used i n  a c t u a l  i n t e r n a l  computation steps governed by s t a b i l i t y  
l i m i t a t i o n s .  The r e s u l t s  of t h e s e  c a l c u l a t i o n s  w e r e  t h e n  compared 
with r e s u l t s  g iven  by the corresponding a n a l y t i c a l  expres s ion  fo r  
s u r f a c e  h e a t i n g .  

The behavior  o f  t h e  numerical  r e s u l t s  ob ta ined  i s  typ ica l  of 
t h o s e  gene ra t ed  i n  exp l i c i t  numerical  s o l u t i o n s  o f  t h e  conduct ion  
e q u a t i o n .  I n i t i a l l y  l a r g e  e r r o r s  (up  t o  50 p e r c e n t )  i n  the s u r f a c e  
h e a t - t r a n s f e r  ra te  damp o u t  w i t h i n  three t o  s i x  p r i n t - o u t  i n t e r v a l s  
of 1 and 0 . 1  second i n  the cases cons ide red  h e r e .  The error magni- 
t ude  a g a i n  i n c r e a s e s  as the s u r f a c e  h e a t - t r a n s f e r  ra te  approaches 
zero. The r e s u l t s  ob ta ined  a t  t h e  t i m e  of maximum h e a t - t r a n s f e r  
ra te  are  summarized i n  F igu re  l w h i c h  i l l u s t r a t e s  t h e  effect  of 
t h e  characterist ics of t h e  s u r f a c e  tempera ture  response  (heat p u l s e ) ,  
the noda l  spac ing  used,  and the s u r f a c e  tempera ture  i n p u t  i n t e r v a l .  
I n  the h i g h e r  maximum heat rate case r e s u l t s  f o r  the coarser i n p u t  
are apt t o  be mis l ead ing  s i n c e  t h e  e r r o r s  i n  the d i g i t a l  s o l u t i o n  
are a l t e r n a t e l y  h i g h  and l o w  i n  magnitude, w h i l e  t h o s e  of t h e  s o l u -  
t i o n s  w i t h  the f i n e r  i n p u t  are e s s e n t i a l l y  monotonic. Consequent ly ,  
the e r ror  i n  s u r f a c e  h e a t - t r a n s f e r  r a t e  i s  shown fo r  the coarse 
i n p u t  case both for  the t i m e  of maximum s u r f a c e  h e a t - t r a n s f e r  ra te  
and fo r  the p r i n t - o u t  t i m e s  immediately p reced ing  and fo l lowing  it. 
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It i s  concluded from t h i s  stucly t h a t  for  the r e l a t ive ly  short  
heat  pulses associated with the X-17 f l i g h t s  a system of 5 nodes 
i n  a direct ion normal t o  the primary nose-shield surface i s  adequate 
t o  produce an accuracy of 1 percent i n  the inferred surface heat-  
t r ans fe r  r a t e s  near peak heating. For the longer heat  pulses asso- 
c i a t ed  with the other  heat-sink shields  t o  be considered, 15 nodes 
w i l l  be necessary for  comparable accuracy. It should be noted t h a t  
these accuracies are a t ta ined using the ana ly t ica l  surface tempera- 
t u re  h i s t o r i e s  as inputs t o  the conduction s o l u t i o n .  The e f f e c t  
of departures from t h i s  temperature h is tory  i n  the actual  case i s  
discussed below, 

2.2.2 Temperature e r ro r s  and data smoothing 

Of the  two sources of surface temperature e r ro r s  i n  data reduc- 
t i o n ,  items ( 3 )  and (4) above, the l a t t e r  was invest igated i n  
Reference 2 for  the l i m i t  case i n  which the thermocouple i n s t a l l a -  

t h a t ,  i f  the  change i n  surface heat- t ransfer  r a t e  d u r i n g  the response 
time of the sh ie ld  material  immediately above the void i s  small 
(10 percent)  r e l a t i v e  t o  the magnitude of surface heat- t ransfer  r a t e  
i t s e l f ,  then the departure of the temperature a t  the thermocouple 
t i p  from t h a t  t h a t  would occur i f  the thermocouple were not present is  
given by 

C .  L i ~ i i  is replaced by a cyi indricai  void. it i s  shown i n  Reference 2 

where, for  R/E > 1, f(R/E) i s  a l inear  function. For a l-inch- 
thick copper s lab ,  a r a t i o  R/E of u n i t y  and thermocouple void 
radius of 0.02 inch, which are  typical  of the heat-sink shields  
considered, thus reduces t o  

6Tc = 0.0273 qs 

The corresponding e r ro r  a t  the surface is  

6Ts = 0.0164 qs 

The maximum magnitude of surface heat- t ransfer  r a t e  ant ic ipated 
i n  any of the f l i g h t s  t o  be considered i s  (Refs. 3 and 4 ) ,  approxi- 
mately, 1500 Btu/ft2-sec leading t o  an upper l i m i t  of the e r r o r  i n  
temperature a t  the thermocouple t i p  of approximately 41° F. The 
r e s u l t s  indicated above are for  s teady-state  conditions i n  the t e r -  
minology of Reference 2 ,  t ha t  i s ,  the time a t  which the point  i n  
question i s  within 10 percent of i t s  asymptotic response value for  
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a u n i t  s t e p  i n  surface temperature. For t i m e s  l e s s  than t h i s  the 
corresponding e r r o r s ,  again according t o  Reference 2 ,  a re  l e s s  
than those indicated above. T h i s  and the f a c t  t h a t  the solut ions 
given above are  for  the l i m i t i n g  case obtained by replacing the 
thermocouple i n s t a l l a t i o n  by a void indicate  t h a t ,  i n  the worst 
t r a j ec to ry  point t o  be considered i n  t h i s  study, temperature 
e r r o r s  due t o  the presence of thermocouples are  estimated t o  be 
no more than approximately 20° F and w i l l  range downward t o  zero 
as the surface heat- t ransfer  ra tes  decrease from t h i s  leve l .  
Since the temperature data  sca t t e r  band is  from 100 t o  200° F i n  
the heat-sink-shield f l i g h t s  t e s t s  t o  be considered i n  t h i s  study, ,,'$ 

the  temperature disturbances caused by the presence of thermo- 
couples are  negl igible  compared with the e r ro r s  induced as the 
r e s u l t  of s c a t t e r .  

r '  
I . -  

As noted above, the sca t t e r  bands of the avai lable  tempera- 
The problem i n  u t i l i z i n g  tu re  data  range from 

i n  surface heat- t ransfer  r a t e s  caused by using the sca t t e red  tem- 
perature  data  i n  the data-reduction conduction solut ion.  The 
customary procedure i n  processing such data p r i o r  t o  appl icat ion 
i n  the conduction so lu t ion  is t o  perform a smoothing operation t o  
reduce the data t o  a smooth, continuous response curve. Several 
such smoothing procedures have been proposed and used i n  the pas t  
t h a t  range from simple hand fa i r ing  of a curve through the  data 
t o  automatic, usually l e a s t  squares polynomial, f i t s .  The objec- 
t i v e  of the automatic smoothing programs is ,  of course, t o  e l i m i -  
nate the f ac to r  of human judgement i n  the smoothing process. 

50 t o  +looo F. 
.LL i i i i a  - data is to detieririirie, if p o s s i S k ,  thie iiiagiiitude of tl;e e r r a r  

Several such smoothing processes were considered fo r  applica- 
t i o n  t o  the f l i g h t  t e s t  data  t o  be evaluated. The object ive of 
the study was t o  determine, empirically, with what accuracy one 
can approximate a known ana ly t ica l  function representing a tem- 
perature  response by smoothing data  generated on the  bas i s  of a 
model of the process by which s c a t t e r  i s  produced. The assump- 
t i ons  employed, based t o  a large extent  on the c h a r a c t e r i s t i c  
behavior of the data  avai lable ,  a re  as follows: 

(1) The process by which the  data  are  generated i s  such as 
t o  produce a random scatter i n  the end  r e s u l t s .  

( 2 )  The s c a t t e r  band of a pa r t i cu la r  data  t r a c e  i s  a f ixed,  
constant percentage of the cal ibrated i n s t r u m e n t  range. 

( 3 )  The temperature response i s  a smooth, continuous func- 
t i on  of t r a j ec to ry  time 

With these assumptions "data" can be generated by s t a r t i n g  with a 
known ana ly t i ca l  expression for the temperature, spec i f ica t ion  of 
the instrument range and sca t t e r  band, and a t ab le  of random 
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ample, Reference 5.  The p a r t i c i  l a r  ca se  d i scussed  
h e r e  used Equat ion (1) a s  t h e  known temperature  f u n c t i o n  i n  t h e  
form 

T = 1 . 2 t 2  - 1.6X10’2t3 

which g i v e s  a maximum temperature r ise of 1000° F a t  50 seconds.  
An i n s t r u m e n t  range of 1500° F, s c a t t e r  band of _f 8 p e r c e n t  of t h e  
range ,  and 1 d a t a  p o i n t  per  second w e r e  assumed. These  assumptions 
correspond t o  t h e  worst  d a t a  observed i n  any of  t h e  exper imenta l  
r e s u l t s  f o r  b a l l i s t i c  v e h i c l e  h e a t  s h i e l d s .  

Three smoothing procedures were a p p l i e d  t o  t h e s e  d a t a .  I n  
a l l  c a s e s  t h e  f i n a l  smoothed temperature  curve was c o n s t r a i n e d  t o  
have a ze ro  i n i t i a l  s l o p e  which corresponds t o  c o n d i t i o n s  a t  t h e  
i n i t i a t i o n  o f  r e -en t ry  hea t ing  f o r  b a l l i s t i c  v e h i c l e s  a s  observed 
i n  the a v a i l a b l e  temperature  da t a .  The f i rs t  smoothing process  
c o n s i s t e d  of f i t t i n g  t h e  o r i g i n a l  d a t a  t o  a l e a s t  squa res  c u b i c  
over t h e  e n t i r e  t i m e  of  t h e  a v a i l a b l e  d a t a .  I n  t h e  second p rocess  
t h e  d a t a  w e r e  f i r s t  smoothed by us ing  a seven p o i n t ,  l e a s t  s q u a r e s ,  
walking q u a d r a t i c  t o  d e f i n e  r e p r e s e n t a t i v e  d a t a  p o i n t s  a t  t h e  
mid-point of  each seven p o i n t  sample. (This p rocess  is desc r ibed  
i n  d e t a i l  i n  Ref. 3 . )  The smoothed d a t a  ob ta ined  i n  t h i s  manner 
w e r e  then  f i t t e d  t o  a l e a s t  squares  c u b i c  over  t h e  e n t i r e  t i m e .  
F i n a l l y ,  t h e  method developed and used i n  Reference 6 was employed 
t o  determine r e p r e s e n t a t i v e  da t a  p o i n t s  which were then  f i t t e d  t o  
a least  squa res  cubic i n  t h e  same way a s  i n  t h e  o t h e r  two methods. 
The argument used i n  developing t h i s  l a s t  method i s ,  b r i e f l y ,  t h a t  
one cannot  d i s t i n g u i s h  changes i n  t h e  d a t a  l e v e l  t o  w i t h i n  t h e  
s c a t t e r  band of  t h e  d a t a ,  Consequently, a r e p r e s e n t a t i o n  of  t h e  
t r u e  temperature  on an i n t e r v a l  i s  ob ta ined  simply by averaging 
a l l  t h e  d a t a  p o i n t s  t h a t  l i e  wi th in  a s c a t t e r  band and then  moving 
on and averaging  a l l  t h e  d a t a  t h a t  l i e  w i t h i n  t h e  next  change of 
t h e  magnitude of  a s c a t t e r  band, 

The r e s u l t s  ob ta ined  with these t h r e e  methods of  smoothing 
a r e  summarized i n  F igure  2 which a l s o  shows t h e  o r i g i n a l  curve  
from which t h e  d a t a  were genera ted ,  The r e s u l t s  shown a r e  ind ica -  
t i v e  of t h e  best t h a t  can be expected wi th  t h e s e  smoothing methods 
s i n c e  a choice  of a smoothing func t ion  cor responding  e x a c t l y  t o  
t h e  form of t h e  a c t u a l  temperature  response f u n c t i o n ,  as was done 
i n  developing t h e s e  r e s u l t s ,  would be f o r t u i t o u s .  The r e s u l t s  
show t h a t  t h e r e  is l i t t l e  t o  choose be tween  d i r e c t  smoothing of 
t h e  o r i g i n a l  d a t a  and pre-smoothing us ing  t h e  least  s q u a r e s ,  walk- 
i ng  polynomial method. I n  t h i s  l i m i t i n g  case  s u r f a c e  h e a t - t r a n s f e r  
r a t e s  i n f e r r e d  from temperatures  ob ta ined  w i t h  e i t h e r  o f  t h e  f i r s t  
two smoothing methods would d i f f e r ,  dur ing  t h e  t i m e  of  heat flow 
t o  t h e  system, only  i n  t h a t  t he  s u r f a c e  h e a t  t r a n s f e r  h i s t o r y  would 
be s h i f t e d  i n  t i m e ,  It i s  a l s o  seen  t h a t  use of r e s u l t s  ob ta ined  
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w i t h  t h e  l a s t  method desc r ibed  w i l l  produce a s u r f a c e  h e a t - t r a n s f e r  
h i s t o r y  p r a c t i c a l l y  i d e n t i c a l  w i t h  t h a t  ob ta ined  us ing  t h e  o r i g i n a l  
tempera ture  h i s t o r y  except  during coo l ing  w h e r e  the r e s u l t s  w i l l  
be no worse than  t h o s e  ob ta ined  us ing  t h e  bet ter  of the f i r s t  t w o  
smoothing methods 

Based on  t h e s e  p re l imina ry  r e s u l t s  t h e  procedure be ing  used 
i n  d a t a  smoothing is  t h a t  of t h e  scatter band averaging desc r ibed  
above. F u r t h e r  work planned on the d a t a  smoothing problem w i l l  
c o n s i s t  of i n v e s t i g a t i n g  t h e  e f f e c t  o f  choosing d i f f e r e n t  polynomial 
and o t h e r  f u n c t i o n a l  forms of t he  smoothing equa t ion .  

2.3 P r e d i c t i o n  Methods 

Under t h e  f l i g h t  tes t  cond i t ions  t o  be cons ide red  i n  t h i s  s t u d y  
t h e r e  is  no s i g n i f i c a n t  coupling between t h e  boundary l a y e r s  and 
e x t e r n a l  f low f i e l d s  during the t i m e  of  a p p r e c i a b l e  aerodynamic 
h e a t i n g ,  t h a t  i s ,  qs 0.05qs . Consequently, t h e  p r e d i c t i o n  max 
problem reduces t o  d e f i n i t i o n  of the e x t e r n a l  i n v i s c i d  flow f i e l d s  
and, subsequent ly ,  a p p l i c a t i o n  of these r e s u l t s  i n  t h e  h e a t - t r a n s f e r  
p r e d i c t i o n  equa t ions .  Progress  i n  each of  t h e s e  a r e a s  t o  d a t e  i s  
summarized b e l o w .  Before desc r ib ing  the p r e d i c t i o n  work, however, 
a b r i e f  i n t r o d u c t i o n  t o  a gene ra l  method o f  s o l v i n g  non l inea r  p a r t i a l  
d i f f e r e n t i a l  equa t ions  i s  given.  This is r e p e a t e d  i n  greater d e t a i l  
in the a t t a c h e d  appendix.  This method w a s  o r i g i n a l l y  a p p l i e d  i n  
developing a d i r e c t  method of  s o l u t i o n  o f  t h e  blunt-body i n v i s c i d  
f low problem. I n  t h i s  form it is be ing  a p p l i e d  i n  t h i s  s tudy  i n  
the p r e d i c t i o n  o f  i n v i s c i d  f low f i e l d s .  As i n d i c a t e d  i n  Sec t ion  
2.3.4 and the appendix, it i s  also be ing  cons ide red  f o r  a p p l i c a t i o n  
i n  o b t a i n i n g  boundary-layer s o l u t i o n s  s i n c e ,  based  o n  ou r  s t u d y  o f  
the method t o  d a t e ,  it appea r s  t h a t  it w i l l  be as simple t o  use as 
e x i s t i n g  p r e d i c t i o n  methods even though l o c a l  s i m i l a r i t y  is no t  
assumed i n  o b t a i n i n g  t h e  s o l u t i o n s .  

2.3.1 The method of  i n t e g r a l  r e l a t i o n s  - application t o  i n v i s c i d  
f low-f i e l d  p r e d i c t i o n s  

The general  method of  i n t e g r a l  r e l a t i o n s  o f  A .  A .  Dorodnitzyn, 
Reference 7 ,  is  a technique  f o r  o b t a i n i n g  s o l u t i o n s  of  systems of 
non l inea r  p a r t i a l  d i f f e r e n t i a l  equat ions .  A d e s c r i p t i o n  o f  t h e  
basic i d e a s  employed i n  t h e  method when a p p l i e d  t o  equa t ions  of 
the boundary-layer type  i s  descr ibed  i n  t h e  appendix.  I n  t h i s  
appendix it is  shown t h a t  k independent equa t ions  f o r  the kth 
approximation ( i . e .  where t h e  boundary l a y e r  i s  d iv ided  i n t o  k 
str ips) are de r ived  by in t roducing  k independent smoothing func- 
t i o n s  i n t o  the equa t ions  o f  motion. The o r i g i n a l  p a r t i a l  d i f f e r e n -  
t i a l  equa t ions  are reduced t o  o rd ina ry  d i f f e r e n t i a l  equa t ions  by 
i n t e g r a t i n g  the e q u a t i o n s ,  m u l t i p l i e d  by t h e  smoothing f u n c t i o n s ,  
f r o m  the w a l l  t o  edge o f  the boundary l a y e r .  Hence, k independent 
equa t ions  r e s u l t ,  one f o r  each of the k smoothing f u n c t i o n s .  
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I n  t h e  s o l u t i o n  of t h e  i n v i s c i d  flow f i e l d ,  t h e  same b a s i c  
i d e a s  g iven  i n  t h e  appendix a r e  employed. However, i n  p l a c e  of  
us ing  a sys t im  of smoothing f u n c t i o n s ,  t h e  k independent o r d i n a r y  
d i f f e r e n t i a l  equa t ions  are der ived  by i n t s g r a t i n g  t h e  o r i g i n a l  
e q u a t i o n s  s u c c e s s i v e l y  from t h e  body t o  t h e  upper edge of each o f  
t h e  k s t r i p s  between t h e  body and t h e  shock wave. Thus, i n  t h e  
f i r s t  approximation t h e  equat ions  a r e  i n t e g r a t e d  once be tween  t h e  
body and t h e  shock wave, For t h e  second approximation, t h e  equa- 
t i o n s  are i n t e g r a t e d  f i r s t  from the body t o  a l i n e  h a l f  way between 
body and shock and second from the  body t o  t h e  shock wave. The 
f u r t h e r  d e t a i l s  o f  d e s c r i b i n g  the  r e s u l t i n g  in t eg rands  by polynomials 
which depend upon t h e  degree of t h e  approximation fo l low t h e  d e s c r i p -  
t i o n  g iven  i n  Appendix A and, as s p e c i f i c a l l y  a p p l i e d  t o  t h e  i n v i s c i d  
f l o w - f i e l d  problem, a r e  given i n  References 8 and 9.  

2 . 3 . 2  D i g i t a l  computer programs and s o l u t i o n s  f o r  t h e  i n v i s c i d  
flow f i e lds  about b l u n t  bodies  

Two complete d i g i t a l  computer programs f o r  s o l u t i o n  of  the 
blunt-body i n v i s c i d  f low f i e l d  problem us ing  t h e  methods developed 
i n i t i a l l y  by B e l o t s e r k o v s k i i ,  Reference 10, from t h e  g e n e r a l  formu- 
l a t i o n  of Reference 7 ,  w e r e  ob ta ined  from M r .  G. H ,  Hoffman, 
Lockheed Missiles and Space Company, H u n t s v i l l e ,  Alabama. These 
programs are t h e  r e s u l t  of t h e  work r e p o r t e d  i n  Reference 8 and 
cont inued  by M r .  Hoffman s i n c e  t h a t  t i m e .  I n  t h e  terminology of  
t h e  Dorodnitsyn method t h e  programs a r e  f o r  t h e  f i r s t  and second 
approximations f o r  computing t h e  flows over  b l u n t  two-dimensional 
and axisymmetric b o d i e s .  As rece ived  t h e  programs w e r e  r e s t r i c t e d  
t o  pe r fec t -gas  flows about  bodies  gene ra t ed  by con ic  s e c t i o n s .  
This  l a t t e r  r e s t r i c t i o n  has  been removed s i n c e  r e c e i p t  of  t h e  pro-  
grams. The f i r s t  approximation program is a l s o  capable  of determin- 
ing  t h e  flow about  bod ie s  wi th  a s o n i c  shou lde r .  

Simply s t a t e d  t h e  computation proceeds by s t a r t i n g  wi th  an 
assumed shock s tand-of f  d i s t a n c e  and i n t e g r a t e s  t h e  o r d i n a r y  d i f f e r -  
e n t i a l  equa t ions  r e s u l t i n g  from reduc t ion  of t h e  c o n t i n u i t y  and 
momentum e q u a t i o n s ,  The i n t e g r a t i o n  is  from t h e  s t a g n a t i o n  p o i n t  
i n  a d i r e c t i o n  p a r a l l e l  t o  t h e  body s u r f a c e  and is  c a r r i e d  up t o  
t h e  p o i n t  where the t a n g e n t i a l  v e l o c i t y  is  a s p e c i f i e d  percentage ,  
u s u a l l y  g r e a t e r  than  80 p e r c e n t ,  of  t h e  s o n i c  v e l o c i t y .  An i t e r a t i v e  
procedure i s  then  employed, s a t i s f y i n g  t h e  momentum and c o n t i n u i t y  
equa t ions  u n t i l  t h e  shock s tand-of f  d i s t a n c e  converges t o  e i g h t  
s i g n i f i c a n t  f i g u r e s ,  A t  completion of t h i s  c a l c u l a t i o n  t h e  s o l u t i o n  
is  e x t r a p o l a t e d  through t h e  sonic  p o i n t  s i n g u l a r i t y  us ing  a cub ic  
f i t  t o  t h e  r e s u l t s  a t  t h e  l a s t  three i n t e g r a t i o n  p o i n t s .  

There are, of  cour se ,  ve ry  d e f i n i t e  l i m i t s  on t h e  c o n d i t i o n s  
and geometr ies  f o r  which s o l u t i o n s  can be ob ta ined .  These depend 
on t h e  geomet r i ca l  system employed and, i n  t h e  second and h i g h e r  
approximations,  on t h e  computat ional  sequence used i n  f i n d i n g  t h e  
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s i n g u l a r i t i e s  i n  t h e  f l o w  b e t w e e n  t h e  body and  t h e  shock. Work w i t h  
t h e  programs t o  d a t e  has  been p r i m a r i l y  concerned w i t h  de te rmining  
t h e s e  l i m i t a t i o n s  and d e v i s i n g  methods of e l i m i n a t i n g  them. These 
problems are b r i e f l y  d i scussed  i n  t h e  fo l lowing  s e c t i o n .  

Samples of r e s u l t s  ob ta ined  t o  d a t e  are shown i n  F igu re  3 .  
Condi t ions  f o r  the c a l c u l a t i o n  w e r e  chosen t o  p rov ide  a check w i t h  
r e s u l t s  g iven  i n  Reference 11. Also shown fo r  comparison are 
r e s u l t s  fo r  a hemispherically capped c y l i n d e r  w i t h  a s o n i c  shou lde r  
and the r e s u l t s  ob ta ined  us ing  t h e  Newtonian approximation.  The 
agreement w i t h  the r e s u l t s  for  a sphere g iven  i n  Reference 11 is 
e x c e l l e n t .  
f o r  the complete s p h e r e  w a s  60 seconds,  t h a t  f o r  the capped c y l i n d e r  
w a s  36 seconds.  

A s  a mat ter  o f  i n t e r e s t  the IBM 7094 computat ion t i m e  

2.3.3 Program l i m i t a t i o n s  and mod i f i ca t ions  

m'L. 111s existir ig i n v i s c i d  f low-f ieid computer programs are w r i t t e n  
i n  an R-@ c o o r d i n a t e  system. A f t e r  making several  sample runs  w i t h  
izhese programs, and t a k i n g  i n t o  account  t h e  pub l i shed  work of others 
i n  the f i e l d  ( R e f s .  7 and 9 ) ,  it w a s  found t h a t  c e r t a i n  l i m i t a t i o n s  
are i n h e r e n t  i n  the method i n  terms of accuracy ,  Mach number r ange ,  
and body shape. 
t i c a l  computa t iona l  problems, not  on basic theoret ical  c o n s i d e r a t i o n s .  
The v a r i o u s  l i m i t a t i o n s  w i l l  now be d i scussed  b r i e f l y ,  a long  w i t h  
p o s s i b l e  c o r r e c t i o n s  o r  improvements where applicable a 

A l l  of these l i m i t a t i o n s  are concerned w i t h  prac- 

2 .3 .3 .1  Order o f  the success ive  i t e r a t i o n  i n  the second 
approximat i o n  

I n h e r e n t  i n  the basic method of  i n t e g r a l  r e l a t i o n s  a p p l i e d  
t o  t h e  c a l c u l a t i o n  o f  i n v i s c i d  f low f i e l d s  i s  an i t e r a t i o n  f o r  t h e  
shock s tand-of f  d i s t a n c e  i n  terms of s a t i s f y i n g  c e r t a i n  smoothness 
requi rements  on the s o n i c  l i n e .  
s u c c e s s i v e  i t e r a t i o n  i s  r equ i r ed ,  one for  the s o n i c  p o i n t  on the 
body and one for  the midway l i n e .  Because the p r e s e n t  programs 
w e r e  w r i t t e n  for  s u p e r s o n i c  Mach numbers close t o  u n i t y ,  the  body 
p o i n t  is  i t e r a t e d  on f irst .  
c o o r d i n a t e  l i n e s  8 = c o n s t a n t  w i l l  i n t e r s e c t  t h e  s o n i c  l i n e  on 
the body before the midway  p o i n t  as shown i n  t h e  fo l lowing  s k e t c h :  

I n  the second approximation a 

For these l o w  Mach numbers, the 
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Midway l i n e ,  second approximation 

Body s o n i c  point  

However, f o r  most axisymmetric body shapes, as the Mach number goes 
above values of about 3 ,  the  sonic l i n e  bends f a r the r  forward so 
t h a t  a 0 = constant l i ne  w i l l  i n t e r s e c t  the sonic  point on the 
midway l i n e  before the body point. I n  t h i s  l a t t e r  case,  convergence 
d i f f i c u l t i e s  a r i s e  and computational accuracy may be g rea t ly  decreased 
o r  the computation program simply will not run .  Hence, fo r  values 
of Mach number grea te r  than about 3 ,  the  present programs should be 
reprogramed t o  reverse the order of the successive i t e r a t i o n  scheme. 

2.3.3.2 Large Mach nuniber l imitat ion fo r  p a r t i c u l a r  body shapes 
with the f i r s t  approximation 

I n  general ,  it 1s much eas ie r  and much more economical t o  
solve problems employing the f i r s t  approximation. I n  t e r m s  of 
acceptable accuracy fo r  the f i r s t  approximation, it i s  necessary 
€or the  0 = constant l i n e s  t o  be as close t o  normal t o  both the 
body and the shock wave over as much of the computing region as 
possible .  It is obvious t h a t  for ce r t a in  body shapes, p a r t i c u l a r l y  
a t  hypersonic Mach numbers where the shock wraps around the body, 
the R-Q coordinate system is a poor choice. The following sketch 
shows an  example of t h i s .  

M, > 5 
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O n e  way t o  e l i m i n a t e  t h i s  problem i s  t o  s o l v e  t h e  i n v i s c i d  flow- 
f i e l d  equa t ions  i n  an s-n coord ina te  system ( s  along t h e  body 
and n normal t o  t h e  body) .  This sugges t ion ,  i f  it l eads  t o  
a c c e p t a b l e  accuracy f o r  t h e  f i r s t  approximation (a  c l a im made by 
t h e  Russian workers,  see Ref. 1 2 )  would a l s o  be a s o l u t i o n  t o  t h e  
f i r s t  l i m i t a t i o n  desc r ibed  above s i n c e  it would not  be necessary  
t o  reprogram t h e  second approximation. Reprograming of t h e  f i r s t  
approximation i n  t h e  s-n coord ina te  system was i n i t i a t e d  dur ing  
t h i s  r e p o r t i n g  p e r i o d  i n  an e f f o r t  t o  ex tend  t h e  range of a p p l i c a -  
t i o n  o f  t h e  p r e s e n t l y  a v a i l a b l e  programs. 

2.3.3.3 Blunt-cone body shape l i m i t a t i o n  

When a n  axisymmetric body is composed of  a b l u n t e d  cone i n  
which t h e  cone ang le  is  near  t h e  c r i t i c a l  ang le  ( i .e . ,  s o n i c  condi-  
t i o n )  f o r  t h e  g iven  Mach number, t h e  v e l o c i t y  d i s t r i b u t i o n  on t h e  
body is a s  fo l lows :  

U e 
C* 
- 

,/---- E x t r a p o l a t e d  curve ob ta ined  
,4-1 from l a s t  few computed p o i n t s  

H e  I 

T r u e  curve 

00' I 
I t 

8 son ic  0 e 

Typica l  curve f o r  a b lun ted  cone wi th  a s o n i c  c o r n e r .  

S ince  t h e  p r e s e n t  programs compute t o  w i t h i n  5 t o  15 p e r c e n t  o f  
t h e  s o n i c  v e l o c i t y ,  and then e x t r a p o l a t e  t o  t h e  s o n i c  va lue ,  t h e s e  
p a r t i c u l a r  shapes cannot  be handled wi th  any reasonable  degree of  
success. A t  t h e  p r e s e n t  t i m e  a s u c c e s s f u l  method f o r  overcoming 
t h i s  d i f f i c u l t y  has  n o t  b e e n  found. 
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2.3.4 Aerodynamic h e a t i n g  p r e d i c t i o n  methods 

Methods f o r  p r e d i c t i n g  t h e  aerodynamic h e a t i n g  from laminar 
and f u l l y  developed t u r b u l e n t  boundary l a y e r s  have been chosen, 
i n s o f a r  as pract ical ,  t o  include t h e  p r e d i c t i o n  techniques  o r i g i n a l l y  
employed i n  t h e  design and eva lua t ion  of  r e -en t ry  h e a t  s h i e l d s  and 
t o  represent a c r o s s  s ec t ion  of t h e  many a v a i l a b l e  methods. For 
s t agna t ion -po in t  h e a t i n g  the f l i g h t  cond i t ions  t o  be cons ide red  are 
n o t  such as t o  i n d i c a t e  a d i s t i n c t i o n  between the o r i g i n a l  p red ic -  
t i o n  f o r m  of Fay and R idde l l ,  Reference 1 3 ,  and the more r e c e n t  
r e s u l t s  ob ta ined  by Hoshizaki ,  Reference 14, except a s  t r a n s p o r t  
properties can be t r e a t e d  p a r a m e t r i c a l l y  i n  t h e  method of Reference 
13. B o t h  t h e s e  methods w i l l  be employed i n  p r e d i c t i n g  s t a g n a t i o n -  
p o i n t  h e a t - t r a n s f e r  r a t e s .  The p r e d i c t i o n  equa t ions  t o  be cons ide red  
f o r  determining t h e  d i s t r i b u t i o n  o f  aerodynamic h e a t i n g  from laminar 
boundary l a y e r s  c a n  a l l  be cast  i n  t h e  same g e n e r a l  form. This is  
shown i n  Table I1 which i n d i c a t e s  t h e  f o u r  methods p r e s e n t l y  planned 
f o r  use i n  comparisons w i t h  experimental  results. S i m i l a r l y ,  three 
of t h e  f o u r  methods t o  be considered for  t u r b u l e n t  boundary l a y e r s  
can be w r i t t e n  i n  a s i n g l e  form as shown i n  Table 111. The remain- 
i n g  t u r b u l e n t  boundary-layer hea t ing  p r e d i c t i o n  method t h a t  w i l l  be 
cons ide red  is  t h a t  due t o  Ecker t ,  Reference 21 .  

A t  the p r e s e n t  t i m e  d i g i t a l  computer programs are be ing  w r i t t e n  
€or the e v a l u a t i o n  o f  the p r e d i c t i o n  equa t ions  shown i n  Tables I1 
and 111. These w i l l  i nco rpora t e  t h e  properties of  a i r  i n  thermo- 
chemical  e q u i l i b r i u m  and w i l l  t reat  t h e  t r a n s p o r t  p r o p e r t i e s  of a i r  
as i n p u t  parameters. I n  a d d i t i o n ,  as i n d i c a t e d  above, it is planned 
t o  i n v e s t i g a t e  the p o s s i b i l i t y  of us ing  the method of  i n t e g r a l  rela- 
t i o n s  i n  t h e  p r e d i c t i o n  o f  hea t ing  from laminar  and t u r b u l e n t  bound- 
a r y  l a y e r s .  It should be noted i n  t h i s  connec t ion  t h a t  complete 
formula t ions  of  t h e  systems o f  o rd ina ry  d i f f e r e n t i a l  equa t ions  
r e s u l t i n g  from a p p l i c a t i o n  of t h i s  method a r e  a v a i l a b l e  through t h e  
f o u r t h  approximation. 

2.4 Man-Hour and Dol la r  Expendi tures  

The h i s tor ies  of expendi tures  o f  man-hours and d o l l a r s  through 
t h e  end of t h i s  r e p o r t i n g  pe r iod  are shown i n  F igu re  4.  A l s o  shown 
t h e r e  are the e s t i m a t e s  of  t h e s e  h i s t o r i e s  made a t  t h e  beginning of 
t h i s  s t u d y .  

I n  e v a l u a t i n g  F igure  4 it should be p a r t i c u l a r l y  noted t h a t  
n o t i f i c a t i o n  o f  approval  of access  t o  t h e  X-17 d a t a  was r ece ived  
a t  Vidya on J u l y  1, 1963, t h a t  fo r  the Polar i s  A I X  d a t a  on August 7 ,  
1963. D a t a  from t h e  NASA Scout F l i g h t  ST-8 w e r e  r ece ived  on 
August 20 ,  1963. Since t h e  major cost  a s s o c i a t e d  wi th  t h i s  s tudy  
i s  i n  t h e  r educ t ion  o f  d a t a ,  expendi tures  t o  d a t e  are n e c e s s a r i l y  
below t h o s e  o r i g i n a l l y  e s t ima ted  on t h e  assumption of a m o r e  o r  
less cont inuous flow of  d a t a  for  p rocess ing .  I t  can be expec ted  
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t h a t  t h i s  s i t u a t i o n  w i l l  be c o r r e c t e d  dur ing  t h e  next  r e p o r t i n g  
p e r i o d  s i n c e  n e a r l y  a l l  of the da ta  a r e  now a v a i l a b l e .  

3 .  WORK ANTICIPATED - SEPTEMBER 14, 1963 THROUGH DECEMBER 1 3 ,  1963 

The fo l lowing  i t e m s  r e p r e s e n t  t h e  work a n t i c i p a t e d  and e s t i -  
mated degree of completion by the  end of  t h e  nex t  r e p o r t i n g  pe r iod :  

(1) Complete c o l l e c t i o n  of a l l  d a t a  necessary  f o r  d a t a  reduc- 
t i o n  and i n t e r p r e t a t i o n .  This r e q u i r e s  on ly  completion of c o l l e c -  
t i o n  of  d a t a  f o r  t h e  - P o l a r i s  A I X  f l i g h t s .  

(2) Complete smoothing of  a l l  temperature  d a t a  i n  p r e p a r a t i o n  
f o r  u s e  i n  da t a - r educ t ion  conduction c a l c u l a t i o n s .  

( 3 )  Complete da ta - reduct ion  conduction c a l c u l a t i o n s  for a s  
many flights as possible. It is expected that a t  l e a s t  t h r e e  of 
t h e s e  can be completed. 

( 4 )  Complete programing of e x i s t i n g  laminar and t u r b u l e n t  
boundary-layer h e a t - t r a n s f e r  p r e d i c t i o n  methods. 

( 5 )  Complete modi f ica t ion  o f  e x i s t i n g  idea l -gas  i n v i s c i d  
f low f i e l d  p r e d i c t i o n  methods. These mod i f i ca t ions  c o n s i s t  of 
changing t h e  coord ina te  and i t e r a t i o n  systems i n  t h e  p r e s e n t  
programs . 

(6) Complete s t u d y  of t h e  f e a s i b i l i t y  of us ing  t h e  method 
of  i n t e g r a l  r e l a t i o n s  i n  p r e d i c t i o n  of aerodynamic h e a t i n g .  

( 7 )  I n i t i a t e  s t u d y  of  e x i s t i n g  d a t a  on boundary-layer t r a n s i -  
t i o n .  
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APPENDIX A 

DORODNITSYN' S METHOD OF INTEGRAL RELATIONS 
AND ITS APPLICATION TO COMPRESSIBLE 

TURBULENT BOUNDARY-LAYER THEORY 

The genera l  method of i n t e g r a l  r e l a t i o n s  of A. A. Dorodnitsyn 

(Ref. 1)l i s  a p p l i c a b l e  for the  s o l u t i o n  of  systems of nonl inear  

par t ia l  d i f f e r e n t i a l  equat ions and was o r i g i n a l l y  applied t o  t h e  

s o l u t i o n s  of equat ions  of mixed type ( e l l i p t i c  - hyperbol ic )  

which arise i n  t h e  s o l u t i o n  of  supersonic  flow over b l u n t  bodies .  

I n  1960 Dorodnitsyn publ ished a paper ( R e f .  2) i n  which he app l i ed  

h i s  method f o r  f ind ing  nonsimilar s o l u t i o n s  of incompressible  

laminar  boundary l a y e r s .  Recently, h i s  method has  been used i n  

s o l v i n g  incompressible laminar boundary l a y e r s  with s u c t i o n  or 

i n j e c t i o n  ( R e f .  3 )  and compressible laminar boundary l a y e r s  includ-  

ing  h e a t  t r a n s f e r  t o  t h e  w a l l  (Ref. 4 ) .  The p r e s e n t  d i scuss ion  

w i l l  d e s c r i b e  Dorodni tsyn 's  method as appl ied  t o  a general system 

of pa r t i a l  d i f f e r e n t i a l  equations.  A b r i e f  d i scuss ion  w i l l  be 

given a t  t h e  end desc r ib ing  how t h e  compressible t u r b u l e n t  boundary- 

l a y e r  equat ions  can be handled. 

Perhaps t h e  e a s i e s t  way t o  d e s c r i b e  t h e  method of i n t e g r a l  

r e l a t ions  is  t o  compare it t o  t w o  well-known methods of so lv ing  

t h e  boundary-layer equat ions.  The f i r s t  of these is  t h e  f i n i t e -  

d i f f e r e n c e  approximation of d e r i v a t i v e s .  

The f i n i t e - d i f f e r e n c e  d e r i v a t i v e  method for so lv ing  p a r t i a l  

d i f f e r e n t i a l  equat ions  i s  t o  approximate t h e  d e r i v a t i v e s  of one 

References l i s t e d  a t  end of t h i s  appendix. 1 
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v a r i a b l e  by an a l g e b r a i c  f i n i t e - d i f f e r e n c e  scheme (our p re sen t  

d i scuss ion  w i l l  be confined t o  equat ions with t w o  independent 

v a r i a b l e s ) .  

equa t ions  t o  systems of ordinary d i f f e r e n t i a l  equat ions.  

any f i n i t e - d i f f e r e n c e  scheme, numerical accuracy i s  increased as 

the i n t e r v a l  ( s t ep )  s i z e  i s  decreased. For example, a l i n e a r  

i n t e r p o l a t i o n  scheme would be 

T h i s  method reduces systems of p a r t i a l  d i f f e r e n t i a l  

For 

dX Ax 

0 
f + f  - 2 f  

- 2  a2f  2 1 

ax' (Ax) 

It is w e l l  known t h a t ,  a s  more and m o r e  p o i n t s  a r e  taken and t h e  

i n t e r v a l  s i z e  Ax approaches zero,  the approximatlon scheme 

approaches t h e  t r u e  va lue  of t h e  d e r i v a t i v e .  The b a s i c  motivat ion 

of t h e  method, however, i s  t o  reduce p a r t i a l  d i f f e r e n t i a l  equa- 

t i o n s  t o  ord inary  d i f f e r e n t i a l  equat ions.  

A second well-known and widely used method of so lv ing  t h e  

boundary-layer equat ions i s  the drmdn-Pohlhausen i n t e g r a l  method. 

The motivat ion behind t h i s  technique is a l s o  t o  reduce t h e  problem 

t o  a s o l u t i o n  of ord inary  d i f f e r e n t i a l  equat ions;  however, t h e  

b a s i c  method employed i n  t h e  reduct ion is  q u i t e  d i f f e r e n t .  

K&mh-Pohlhausen method, the  p a r t i a l  d i f f e r e n t i a l  equat ions  are 

f irst  i n t e g r a t e d  over one of the  independent v a r i a b l e s ,  r e s u l t i n g  

i n  i n t e g r o - d i f f e r e n t i a l  equat ions.  Then, the v a r i a t i o n  of t h e  

I n  t h e  
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dependent func t ion  i n  t h e  in t eg ra t ed  v a r i a b l e  i s  approximated 

a p r i o r i ,  permi t t ing  evaluat ion of t h e  i n t e g r a l s .  Thus, t h e  

problem reduces t o  ordinary d i f f e r e n t i a l  equat ions i n  t h e  second 

independent v a r i a b l e .  Normally, t h i s  i s  done when the  v a r i a t i o n  

of  t h e  dependent func t ion  is much more r ap id  i n  one v a r i a b l e  

than the v a r i a t i o n  i n  the other  v a r i a b l e .  The rapid-change v a r i -  

able i s  then i n t e g r a t e d  upon. It must be r e a l i z e d ,  however, t h a t  

once the  v a r i a t i o n  i n  one va r i ab le  i s  assumed, no f u r t h e r  improve- 

ments a r e  p o s s i b l e  i n  cor rec t ing  the assumed v a r i a t i o n  wi th in  t h e  

framework of the b a s i c  m e t h o d .  

Dorodni tsyn 's  method is also based upon i n t e g r a l  approxima- 

t i o n s ,  b u t  t h e r e  a r e  important d i f f e r e n c e s  from the K&rn&n- 

Pohlhausen technique,  being i n  fac t  an ex tens ion  of the f i n i t e -  

d i f f e r e n c e  d e r i v a t i v e  method. In s t ead  of approximating the 

d e r i v a t i v e s  of one v a r i a b l e  by a f i n i t e - d i f f e r e n c e  scheme, the 

o r i g i n a l  p a r t i a l  d i f f e r e n t i a l  equat ions are i n t e g r a t e d  ( exac t ly )  

w i t h  respect t o  one v a r i a b l e ,  and then  t h e  in teqrands  of t h e  

va r ious  i n t e g r a l s  a r e  expressed i n  a f i n i t e - d i f f e r e n c e  scheme 

by i n t e r p o l a t i o n  formulas. The r e s u l t i n g  i n t e g r a l s  a r e  then  

i n t e g r a t e d ,  e i t h e r  a n a l y t i c a l l y  or numerical ly ,  t o  y i e l d  ord inary  

d i f f e r e n t i a l  equat ions i n  the remaining independent v a r i a b l e .  

A primary advantage e x i s t s ,  however, i n  t h a t  the f i n i t e - d i f f e r e n c e  

i n t e r v a l  may be sys t ema t i ca l ly  reduced w i t h  a corresponding 

improvement of accuracy. I n  t h e  l i m i t ,  of course ,  t h e  i n t e g r a l s  

become exac t .  
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Dorodnitsyn has shown (Ref. 1) that, for a finite-difference 

interpolation scheme of a given accuracy, the approximate repre- 

sentation of integrals is more accurate than the representation 

of derivatives; that is, for a given interpolation formula, the 

integral of a functional quantity is represented more accurately 

than its derivative, for a relatively large interval size. 

Dorodnitsyn goes one step further than the above description 

by multiplying the partial differential equations by a suitably 

chosen smoothing function which permits improved accuracy with 

large step sizes. 

The method of integral relations will now be demonstrated 

in detail by considering a system of n differential equations 

with partial derivatives of the following type: 

3Pi aQi 
= + a y z F i  ‘ i = 1, 2 ,  ... , n 

where 

= Pi(X,Y ; u u ... Un) pi 1’ 2, 

Qi 1, 2’ 

u = ul(x,y), u2 = U2(X,Y), 0 . 0  u = Un(X,Y) 

= Qi(x,y ; u u ... un) 
Fi = Fi(x,y ; u u ... un) 

1’ 2’ 

1 n 

are the unknown functions. 
uls u2y = * -  n where the n-variables 

An important step in the method is to write the equations in 

divergence form, Equations (l), and for a given problem this must 

be done initially. 
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A so lu t ion  t o  Equations (1) i s  sought i n  t he  in t e rva l  

a L x L b (where a may approach -00 and b may approach +ao) 

and c Y 5 6 (XI 

The given system of Equations (1) are now mult ipl ied by a 

funct ion of t he  dependent var iables ,  f (y) . A t  the  present ,  the  

funct ion f (y) i s  a r b i t r a r y  but more w i l l  be sa id  about i t s  form 

la ter .  Next, the  Equations (1) , mult ipl ied by f (y) , are in te -  

gra ted  over y from c t o  b(x)  , yielding 

Now, by d i f f e r e n t i a t i n g  the d e f i n i t e  i n t e g r a l ,  it follows t h a t  

where 6 '  = d6/dx. The respect ive funct ions,  f (6 )  and Pi (a ) ,  

are evaluated a t  the point  y = 6 (x) .  

Also 

where f '  = df/dy. Using these r e s u l t s ,  it is  possible  t o  write 

Equation (2) i n  the  form 

6 
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U p  t o  t h i s  po in t  only formal mathematics have been used and no 

approximations have been employed i n  de r iv ing  Equation ( 3 ) .  Now, 

the basic concepts of t h e  method of i n t e g r a l  r e l a t i o n s  w i l l  be 

introduced.  

Consider t h e  func t ion  f ( y ) .  A system of func t ions  f (y)  
k ,n  

are chosen such t h a t  i n  t h e  kth group there are contained k 

mutually Fndeprrdent f u n c t i o m  (hit i~ t h e  d i f f e r e n t  groups t5e 

func t ions  may co inc ide ) .  Further ,  t h e  p a r t i c u l a r  choice of t h e  

func t ions  f must be such t h a t  convergence of t h e  var ious  

i n t e g r a l s  of Equation ( 3 )  is  assured. 
k , m  

N e x t ,  t h e  reg ion  of i n t e r e s t  is  d iv ided  i n t o  k strips 

as follows: 

a b 
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Then, t h e  func t ions  Pi, Qi$  and F a r e  approximated w i t h  t h e  

h e l p  of c e r t a i n  i n t e r p o l a t i o n  formulas involving t h e  va lues  of 

pi, Qi, and Fi a t  t h e  boundaries of t h e  strips. For example, 

i 

(x) has  t h e  value pi ,m and s i m i l a r l y  f o r  Qi and Fi. H e r e ,  

of Pi a t  t h e  lower edge of t h e  rn th s t r ip .  

F i n a l l y ,  t h e  r e s u l t i n g  ordinary d i f f e r e n t i a l  equat ions  are 

found by s u b s t i t u t i n g  t h e  i n t e r p o l a t i o n  formulas (Eq. ( 4 ) )  i n t o  

the i n t e g r a l s  and completing the i n t e g r a t i o n .  This  r e s u l t s  i n  

a system of 

t h e  o r i g i n a l  

one for  each 

n k ordinary d i f f e r e n t i a l  equat ions (for each of 

n equat ions ,  there  are now k more equat ions ,  

The number of unknown func t ions  fk ,n)  (Pi, Qi, 

e tc.)  is n ( k  + 1) s i n c e  the re  are k + 1 boundaries f o r  k 

strips. The phys ica l  boundary cond i t ions ,  f o r  which there are 

i n  gene ra l  n a t  each boundary ( f o r  t h e  or ig ina l  n par t ia l  

d i f f e r e n t i a l  e q u a t i o n s ) ,  provide the remaining equat ions  for  t h e  

remaining n unknowns. I n  o ther  words, t h e  method y i e l d s  

n ( k  + 1) unknown func t ions  

n - k  ordinary d i f f e r e n t i a l  equat ions 

n boundary condi t ions  

hence, the problem i s  c losed .  
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For the p a r t i c u l a r  case a t  hand, namely, the compressible 

t u r b u l e n t  boundary-layer equat ions,  we  have the following r e s u l t s .  

Given equat ions:  

E = E (x ,y)  

Given boundary condi t ions :  

y = o :  u = v = o  

aU y = b ( x ) :  u = u  , a y = o  
1 

U t i l i z i n g  Dorodnitsyn's method described above, the equat ion 

corresponding t o  Equation ( 3 )  is a s  follows: 

- w h e r e  u = u/ul and 

are chosen i n  the form f k , n  and t h e  f = 

- m = 1, ... k 9 = (1 - U) f k , m  
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The independent variables 4 and 7 are related to the original 

variables x and y through the turbulent analog of the Stewartson- 

Illingworth transformation as given by Culick and Hill, Reference 5. 

The function 8 is expressed in the kth approximation by an 

interpolation formula of the form 

k- 1 
e =  1 e o + a  :+...+a 

1 - 
1 - u  

and the reciprocal of 8 by 

1 / 
e 1 
- =  (1 - U) (bo + b U + ... + bk-l 

(9) 

These approximations for 8 and l/e automatically satisfy the 

boundary condition at y = b ( x ) ,  namely, au/ay = 0. The coef- 

ficients ao,a ... and bo,bl ... are found from the condition 

that for 
1 

the functions 8 and l/e would equal their exact value; that 

is for the kth approximation 

9 = e ( 4 )  - k - 1  
k k-1 u =  
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Hence, for the kth approximation, Equation (8) represents k 

equations in the k unknowns e 0 ( C ) ,  8 ( 4 1 ,  ... 8 ( e ) .  These 

resulting ordinary, first-order, nonlinear differential equations 

can be solved numerically by elementary means once uL(x) and 

E(x,~) have been specified. 

1 1 -k 



A - 1 1  

REFERENCES 

1. Dorodnitsyn, A. A.: On a Method of Numerical Solution of 
Certain Non-linear Problems of Aero Hydrodynamics. Third 
Union of Math Congress, vol. 111, 1956. Akad Nauk SSSR, 
1958, pp. 447-453, (in Russian). 

2. Dorodnitsyn, A. A.: On a Method of Solution of Laminar 
Boundary Layers. Prik. Mat. Tekh. Fiz,, no. 3, 1960, 
(in Russian). A shortened version of this paper appears 
in English under the title: General Methods of Integral 
Relations and Its Application to Boundary Layer Theory, 
Advances in Aeronautical Sciences, vol. 3, 1962. 

3 .  Shen-Tsuan, L: Calculation of a Laminar Boundary Layer 
of an incompressible Fluid with Suction or Iiijzction. 
Jour. Computing Math and Math Phyiscs, Academy of Sciences, 
SSSR, vol. 2, no. 4, 1962, in Russian). 

4 .  Pavlovskii, Y. N.: Numerical Solution of the Laminar 
Boundary Layer in a Compressible Gas. Jour. Computing 
Math and Math Physics, Academy of Sciences, SSSR, vol 2, 
no. 5, 1962, (in Russian). 

5. Culick, F. E. C. and Hill, J. A. F.: A Turbulent Analog 
of the Stewartson-Illingworth Transformation. JAS, vol. 25, 
no. 4, 1958. 



m 
$ 
6 
a, 
& 
I m 
ffl 
a, 
& 
91 

- 

m 
c, m 
t3 
a, 
& 
I 
4J 
m 
& 
a, a 
El 
$ 

- 

L 
N 
h 
5 
0 

G 
c, 
w 
4 

h a 
0 

& 
0 
E 

e 
- 
4 

.", 

- 
N 
h a 
0 

a, 
c, 
W 

2 

4 - 
rl 
h a 
0 

& 
0 
E 

2 

- 
rn 

a, 
rl 
V 
-4 c 
$ 

x x x x x x x  

x x x x x x x  

2 2 %  x x x x  

a 
0 4  aa, 
a, -4 
U S  x x x x  x x r o x  
a, 

a, 
4 f f l  
4 0  
4 a  

E E  
E E  

m x X x X X 

m 
cy 
r( 

X 
V m 
4J 
4.J 
rd 

ICI 
0 
a, 
4 
tn 
e m 

m a  
+ J c  e m  
a, 

2 "  
m o  m u  
a, 
E W  
@ E  m o  
a , &  c l u  
u 

10 
& &  
o a ,  

V I  
a , C  

" - 2  



Q 

u) 

h 

(11 

E 
Y 

mP 

m w  
Ou) 
'0 
0 .  

rl 

,"I 1 

m I  
rl 
m 4  
rl 

0 
' 

L 

x' 

,"I a 
m 
rl 
m 
rl 

0 
v Xm 

I 

H 
H 

w 
4 
$ 

I 

II 
u1 

n 
CIl 

E 
Y 

k 

- 

A 

0 u 
C 
a, 
k 
a, 

rCI 
cu 
p: 

h 
k 
0 
PI 
r c  
E 

- 

rl rl l-i 

+I 

0 0 N 0 

N 
N 

rl rl l-i rl 

tn 
k 



r l I  

2 
I 

u 
xm 

B I  
t3 

Xb 

X m  
c, 

.+3 
to 
0 
(v 

4 0 0  

0 m 
+ 

Ln 

?I 
\ 

m a 
1 

a: N 
4 0 0  

f 
. d 

0 0 \ 4 4  an w + 
rl 

4 
& 

m 
a, 
3 
a 

k 
0, 

U 
k 

3 

$4 
a, 
h m 

U 3 
X 
In 
0 

+ 
. 
0 

6 
N 

0 

+ 
u 

Xm 
(v 
(v 

0 

II 
c s 
4 

. 

rl 
0 
m 

d 
I '  a, 
h.tp 
k 5  
m a ,  
'0 c 

0 
d 

m 
CJ 
\ 

d 
3; 9 d > 4 0 

0 
0 rl 4 

0 
rl 

0 a 

. 
H 

0 '  c w  & -  / II k 

Q, u c  

k :v m 
pr / 



k 
0 
k 
k 
a, 

u z= 
a, 
U 
$4 
a, a 
w 
0 
a, a 
3 
-LJ 
-4 
c 
&n lu 
E 

CI 

0 
0 
rl 

X 

jw! 

4 

3 

2 

1 

0 

\ 

I 

I I I Surface 1 
Temperature 

131.2 
890.8 0.10 

1201 -16 1 890.8 -20 

\ 
\ \ 
\ 
\ 
\ 
\ 
\ '. max 

10 

Number of nodes 

F i g u r e  1.- P e r c e n t  e r r o r  i n  d i g i t a l  s o l u t i o n  for  maximum 
s u r f a c e  h e a t - t r a n s f e r  r a t e .  
perfectly i n s u l a t e d  a t  one s u r f a c e .  
AT = a,t + a,t3) 

(1 - inch - th i ck  copper s l ab  
Heated  s u r f a c e  



3 
3 
3 
4 

0 
0 
01 

0 
0 m 

0 
0 
r 

0 0 0 
0 0 0 

ul d 

Jo ‘ m  

m u 
0 rl 

0 

0 
I 

j., 
u 
N 

“ 
If 

E a 

u -4 
9 
m 
0 

3 
tr 

U 
e 

W 4 

m 

m 
0 
U 

TJ 
W 
u 
u .4 
Iu 

m 
m 

m 

u 
‘U 

4 

C 
.4 

trr -4 
$4 
0 

I 
I 

m 
U 
C 

u 
c u  .rl .d 

a u s  c u  
m 

~ l m  

a m  

m m  

c m  

a m  
m o  

m a  
m u  
m I u  

m c  

$4k 

u 3  
u t r  

m u  
0 

W rl 

TJ 

trr 
h4J 
W 
>TI 
u 

u .4 

TJ 
C 

“ W  

c u  
.4 
mTJ 
4 c 
L I m  
0 

0 

i 
I + 

0 
0 
N 

0 0 
0 d 

0 
F- 

3 
9 

- 
2 

n 

3 
? 

U 
W 
m 

U 

3 

3 
U 

3 
-I 

3 



62 

56 

4q 

40 

a8 32 
\ a 

24 

16 

8 

0 

Belotserkovskii first 
approximation, spher- 
ically capped cylinder 

I 

I I 

0 20 40 60 80 100 12 0 

6, de53 

Figure 3.- Pressure distribution on a sphere and a 
spherically capped cylinder Moo = 6.03, y = 7/5. 



0 
Lo 

m 
Lo 
cT\ 
rl 

rn 
m 
rl 

k 

B a, 
+r 

cn 4 

0 
d 

0 
N 

0 

3 
m 

3 
N 

3 
-I 

3 
0 

I 

d 

a, 
k 
7 
0 
-ti 
k 4  



I 

I 0 
m 

m 
a 
(r 
b-l 

I 
I 

n 
m 
rl 

k B I - 
a, 
U 

0 

0 * 

0 
m 

0 
<y 

0 
rl 

0 

a 
a, 
21 
7 
l-l 
U 
c 
0 u 
I 

v 
a, 
k 
7 
0 
-4 crc 


